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Abstract 
 
We examine the applicability of three different non-Newtonian constitutive models (power-law, Casson, and 

Herschel-Bulkley models) to the determination of blood viscosity and yield stress with a scanning capillary-tube 
rheometer. For a Newtonian fluid (distilled water), all three models produced excellent viscosity results, and the meas-
ured values of the yield stress with each model were zero. For unadulterated human blood, the Casson and Herschel-
Bulkley models produced much stronger shear-thinning viscosity results than the power-law model. The yield stress 
values for the human blood obtained with the Casson and Herschel-Bulkley models were 13.8 and 17.5 mPa, respec-
tively. The two models showed a small discrepancy in the yield stress values, but with the current data analysis method 
for the scanning capillary-tube rheometer, the Casson model seemed to be more suitable in determining the yield stress 
of blood than the Herschel-Bulkley model.  
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1. Introduction  

The flow properties of the blood are affected by a 
number of factors, which include hematocrit (volume 
fraction of red blood cells in whole blood), plasma 
viscosity, red blood cell aggregation, and deform-
ability. Furthermore, the viscosity of blood is non-
Newtonian, which increases as shear rate (velocity 
gradient in a flowing material) decreases. Hematocrit 
is one of the major factors determining the blood 
viscosity at high shear rates while red blood cell ag-
gregation plays a significant role at low shear rates. 
At normal hematocrit concentrations (35-45%), red 
blood cell deformability may affect blood viscosity 
and becomes a major factor in the microcirculation. 

Recently, a new U-shaped scanning capillary-tube 
rheometer (SCTR) has been developed from the con-
cept of the conventional capillary-tube viscometer [1-
4]. The rheometer is capable of measuring whole 
blood viscosity continuously over a wide range of 
shear rates without adding any anticoagulants. How-
ever, there are some limitations in using the SCTR for 
viscosity measurements of fluids. Since the device 
utilizes charge-coupled devices and light-emitting 
diode arrays to determine liquid-height changes over 
time, viscosity of transparent liquids cannot be meas-
ured [1]. Another major limitation of using this new 
device for liquid viscosity measurements lies in the 
selection of constitutive models. The SCTR was de-
veloped specially for blood viscosity and yield stress 
measurements using the Casson model [2]. However, 
many earlier studies report that not only the Casson 
model but also other non-Newtonian constitutive 
models effectively describe blood flows in biological 
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systems. For instance, Bingham plastic, Casson, and 
Herschel-Bulkley (H-B) models were used to de-
scribe the rheological behavior of yield-stress fluids 
[5]. Picart et al. [6] used the value of the shear stress 
at a shear rate of 10-3 s-1 as a measure of the yield 
stress in their report. In a study by Barnes [7], the H-
B model described reasonably well the data reported 
by Picart and coworkers.   

Table 1 shows three non-Newtonian constitutive 
models (power-law, Casson, and H-B models) that 
have been used by a number of researchers for inves-
tigating blood rheology and flows. Siauw et al. [9] 
performed a comparative study of the power-law and 
Casson models for prediction of unsteady stenosis 
flows, whereas Tu and Deville [10] used H-B, Bing-
ham, and power-law models for their study on steno-
sis flows. It has been pointed out that the selection of 
constitutive model may significantly affect the analy-
sis of blood flows [9, 10].     

The main purpose of the present study is to exam-
ine whether the results of blood rheology and flow 
obtained with the current data analysis method for the 
SCTR are significantly altered by the choice of con-
stitutive model. Hence, the study investigated the 
effect of constitutive model selection on the blood 
viscosity and yield stress measurements and predic-
tion of blood flow patterns using the SCTR. It is well 
known that human blood has both shear-thinning 
characteristics and yield stress, which make the blood 
viscosity increase with decreasing shear rate. We 
examined the capability of three constitutive models 
in handling data obtained with the SCTR for determi-
nations of blood viscosity and yield stress. The 
power-law model was chosen to address the shear-
thinning behavior of blood. The Casson and H-B 
models were selected to address both the shear-
thinning viscosity and yield stress of blood. 

 
2. Materials and methods 

The experimental preparation and data acquisition 
methods have been described previously [2, 3], and 
the reader is referred to those studies for a complete 
description. Viscosity values of distilled water and 
unadulterated human blood were determined with the 
scanning capillary-tube rheometer (SCTR) over a 
wide range of shear rates. Human blood was obtained 
from a healthy male donor aged 29. Venous blood 
sample ~3 ml was withdrawn and directly transferred 
into a disposable capillary-tube set in the SCTR for 

Table 1. Various physiological studies with non-Newtonian 
constitutive models. 
 

Researchers Power-law Casson Herschel-
Bulkley 

Chakravarty and  
Datta [8] x  x 

Siauw et al. [9] x x  

Tu and Deville [10] x  x 

Liepsch and  
Moravec [11] x   

Rohlf and Tenti [12]  x  

Misra et al. [13, 14]  x  

Das and Batra [15]  x  

Dash et al. [16]  x  

Misra and Kar [17]   x 

Chakravarty and  
Datta [18, 19]   x 

 

 
Fig. 1. Liquid-solid interface condition for each vertical tube of a 
U-shaped scanning capillary tube rheometer. 

 
viscosity and yield stress determinations. The length 
and inner diameter of the capillary tube used in this 
study were 100 and 0.797 mm, respectively. Fluid 
height changes with time in the riser tubes shown in 

A

B
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Fig. 1 were measured with an accuracy of 0.083 mm. 
Human blood was examined at a body temperature of 
37°C, while tests with distilled water were performed 
at a room temperature of 25°C. 

 
2.1 Surface tension and yield stress 

Fig. 1A shows that the fluid level in the right-side 
vertical tube (riser tube 1) decreases while that in the 
left-side vertical tube (riser tube 2) increases. Even 
when time goes to infinity (i.e., t ~ 3 minutes), the 
two fluid levels do not become equal due to any dif-
ferences in surface tension and yield stress at the two 
riser tubes (see =∞∆ th  in Fig. 1B). As shown in Fig. 
1A, the riser tube 1 always has a fully wet surface 
condition, whereas the riser tube 2 has an almost per-
fectly dry surface condition during the entire test. 
Therefore, the surface tension at the riser tube 1 is 
consistently greater than that at the riser tube 2 [2].   

The time-dependent flow in the SCTR is analyzed 
to determine the viscosities of distilled water and 
whole blood. Assuming a quasi-steady flow, the gov-
erning equation can be simplified as follows: 

 
[ ]1 2( ) ( ) ( )ρ∆ = − − ∆c stP t g h t h t h       (1) 

 
where ( )∆ cP t  is the pressure drop across the capil-
lary tube, ρ  is the density of fluid, g  is gravita-
tional acceleration, 1( )h t  and 2 ( )h t  are fluid levels 
at the riser tubes 1 and 2, respectively, ∆ sth  is a con-
stant representing the additional height difference due 
to the surface tension, and t  is the time from the 
start of experiment. The detailed mathematical deri-
vation is shown in the Appendix. 

 
2.2 Power-law model 

A typical flow curve obtained with the power-law 
model indicates that the ratio of shear stress to shear 
rate, often called apparent viscosity, falls progres-
sively with increasing shear rate. The viscosity for a 
power-law fluid can be expressed as follows: 

 
1η γ −= &nm      (2) 

 
where η  is the apparent viscosity, m  and n  are 
power-law model constants, and γ&  is shear rate. The 
constant, m , is a measure of the consistency of the 
fluid: the higher the m  is, the more viscous the fluid 
is. n  is a measure of the degree of non-Newtonian 
behavior: the greater the departure from the unity is, 

the more pronounced the non-Newtonian properties 
of the fluid are. The mathematical details of curve-
fitting procedure to determine the two unknowns, m  
and n , in the SCTR were reported in our previous 
study [3]. The velocity profile in the capillary tube 
( cV ) can be expressed by the following equation: 

 

[ ]
1

1 1
1 2( ) ( )

( , )
1 2

ρ + +
=∞⎛ ⎞− − ∆ ⎛ ⎞⎛ ⎞= ⋅ ⋅ −⎜ ⎟ ⎜ ⎟⎜ ⎟+⎝ ⎠ ⎝ ⎠⎝ ⎠

n nn
t n n

c c
c

g h t h t hnV t r R r
n mL

   

 (3) 
 

where cR  and cL  are the radius and length of the 
capillary tube, respectively. Note that when the 
power-law index, n , becomes 1, the above equation 
yields to the Newtonian velocity profile. 

 
2.3 Casson model 

The Casson model mathematically describes the 
shear-thinning characteristics of blood viscosity with 
a yield stress term: 

 
τ τ γ= + &y k   when  τ τ≥ y   (4a) 

       0γ =&        when  τ τ≤ y   (4b) 
 

where τ y  is a constant that is interpreted as the yield 
stress, and k  is a Casson model constant.   

The velocity profile at the capillary tube can be ob-
tained by integration of shear rate using the Casson 
model as follows: 

 

( )

2

1 3
2 2 2

( )( , )
4

81 ( ) ( ) 1 ( ) 2 ( ) 1 ( )
3

∆= ×

⎡ ⎤⎧ ⎫− − − + −⎨ ⎬⎢ ⎥
⎩ ⎭⎣ ⎦

c c
c

c

y y

R P tV t r
kL

C r C t C r C t C r
 

 for  ( ) ≤ ≤y cr t r R  (5a) 
 

( )
2 3( ) 1( ) 1 ( ) 1 ( )
4 3
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⎝ ⎠
c c

c y y
c

R P tV t C t C t
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where ( ) =
c

rC r
R

 and  

1 2

( )
( )

( ) ( ) ( )
τ
τ

∆
= = =

− − ∆
y y y

y
c w st

r t h
C t

R t h t h t h
  

 
Note that ( )yr t  is the radial position where shear 

stress becomes equal to the yield stress. Thus, where 
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≤ yr r , the velocity profile becomes blunted.  
The data reduction procedure to determine the un-

knowns ( k , ∆ sth , and ∆ yh ) was reported in our 
recent study [2]. Once the unknowns are determined, 
the apparent viscosity can be expressed in terms of 
the wall shear rate as follows: 

 
4

( )
( ) ( )

2
2

( ) ( )

ττ
η

γ γ

ρ ρ

γ γ

= + +

∆ ∆⎛ ⎞
⎜ ⎟
⎝ ⎠= + +

& &

& &

yy
w

w w

c y c y

c c

w w

k
t k

t t

gR h k gR h
L L

k
t t

    (6) 

 
The yield stress for the Casson model can be calcu-

lated by using the following equation, which is also 
applicable to Herschel-Bulkley model as well. 

 

2
ρ

τ
∆ ⋅

= y c
y

c

g h R
L

      (7) 

 
2.4 Herschel-Bulkley (H-B) model 

The Herschel-Bulkley (H-B) model is described as 
follows: 

 
τ γ τ= +&n

ym    when  τ τ≥ y    (8a) 
   0γ =&        when  τ τ≤ y    (8b) 

 
where τ y  is the yield stress, and m  and n  are the 
H-B model constants. Since the H-B model reduces to 
the power-law model when a fluid does not have a 
yield stress, this model can be considered to be more 
general than the Casson model that reduces to a New-
tonian model when τ y  becomes zero. 

The expression of the shear rate outside the plug-
flow region at the capillary tube can be obtained from 
the H-B model as follows: 

 

( )
1

1

2
γ
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⎝ ⎠

&
n

c c n
y

c
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     for ( ) ≤ ≤y cr t r R         (9) 
 

where ( )yr t  is a radial location below which the 
velocity profile is uniform due to yield stress, i.e., 
plug flow. Using Eq. (9), the velocity profile at the 
capillary tube is expressed as follows:   
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                for     ( ) ≥yr t r       (10b) 
 

where ( )C r  and ( )yC t  are identical to those de-
scribed in Eq. (5). 

To determine the mean flow velocity at a riser tube, 
one needs to analytically derive the expression of the 
flow rate at the capillary tube first. Volume flow rate 
can be obtained by integrating the velocity profile 
over the cross-sectional area of the capillary tube, and 
the mean flow velocity at the vertical tube, ( )rV t , can 
be derived using the flow rate as follows: 
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 (11) 
 
There are four unknown parameters to be deter-

mined through the curve fitting in Eq. (11): ∆ sth , m , 
n , and ∆ yh . The curve-fitting method [2] used for 
the Casson model was applied to determine the un-
known parameters from the experimental values of 

1( )h t  and 2 ( )h t . 
The apparent viscosity can be expressed in terms of 

the wall shear rate as follows:  
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where m , n , and τ y  are the properties of blood to 
be determined using the H-B model. Note that when 
n  becomes 1, the mathematical form of the H-B 
model yields to Bingham plastic model. 

 
3. Results and discussions 

Fig. 2A shows viscosity results for distilled water at 
25°C obtained with the scanning capillary-tube 
rheometer (SCTR) using the three different non-
Newtonian constitutive models for comparison. The 
values of ∆ sth  were approximately 3.3-3.4 mm for 
the three models, whereas the values of ∆ yh  were 
determined to be zero for all models, validating capa-
bility of the data reduction method to deal with any 
fluids regardless of yield stress existence. The viscos-
ity of distilled water was found to be between 0.884 
and 0.905 cP at 25°C for all three models. The test 
results obtained with the SCTR gave less than 2% 
error compared with the reference data (0.892 cP). 
Fig. 2B shows test results of fresh, unadulterated hu-
man blood at a body temperature of 37°C. The test 
was completed within 3 minutes to avoid blood clot-
ting, which might have affected the viscosity and 
yield stress determinations. The hematocrit of this 
donor’s blood was 42%. The power-law model 
showed relatively low viscosity data at low shear 
rates compared with the Casson and H-B models. 
However, the viscosity data determined with the all 
three constitutive models were in a good agreement at 
high shear rates. 

Figs. 3A and 3B show the results of shear stress 
versus shear rate for distilled water and human blood, 
respectively. In the case of distilled water, the shear 
stress obtained with the three non-Newtonian models 
was almost identical over the entire range of shear 
rates. The yield stress can be graphically described as 
the intersecting point where the shear stress curve 
meets with the y-axis (i.e., at zero shear rate). Table 2 
shows values of the yield stress together with the 
model constants of the three constitutive models. As 
expected, the distilled water shows no yield stress, 
while human blood shows finite values of the yield 
stress for the cases of Casson and H-B models. The 
yield stress values of human blood with hematocrit of 
42% were 13.8 and 17.5 mPa for the Casson and H-B 
models, respectively. Based on studies by Picart et al. 
[6], the yield stress values vary from 1 to 30 mPa for 
normal human blood with hematocrit of 40%, which 
supports the present method of yield stress determina-
tion using the SCTR. The surface roughness of the  

  
Fig. 2. Viscosity results obtained with a scanning capillary tube 
rheometer. (A) Distilled water at 25℃. (B) Unadulterated hu-
man blood at 37℃. Note that viscosity data of human blood are 
shown in a log-log scale. 

 
 

  
Fig. 3. Wall shear stress vs. shear rate in a capillary tube. (A) 
Distilled water at 25℃. (B) Unadulterated human blood at 37℃. 
Note that all data shown here are in a log-log scale.  
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Table 2. Comparison of model constants, ∆ yh , and τ y . 
 

 Power-law H-B Casson 

n = 1 
m = 0.905

n = 1 
m = 0.884 k = 0.886 cP 

Distilled Water 
(25℃) ∆ yh = 0.00

τ y = 0.0

∆ yh = 0.00 

τ y = 0.0 

∆ yh = 0.00 

τ y = 0.0 

n = 0.799
m = 12.171

n = 0.860 
m = 8.972 

k = 3.290 cP 
Human Blood 

(37℃) ∆ yh = 0.00

τ y = 0.0

∆ yh = 0.85 mm 

τ y = 17.5 mPa 

∆ yh = 0.67 mm

τ y = 13.8 mPa

Note that m ≡ [cP·sn-1] 
 

capillary tube might influence the yield stress meas-
urement of blood. For a smooth geometry like a glass 
tube, slip effect at the wall becomes substantial below 
a shear rate of 0.5 s-1 [6]. However, since the shear 
rates used in the present study are equal or greater 
than 1 s-1, we assume that the slip effect on the blood 
viscosity and yield stress measurements with the 
SCTR is negligibly small. 

The yield stress of human blood obtained with the 
H-B model was consistently greater than that ob-
tained with the Casson model as shown in Table 3. To 
evaluate which model produces more accurate yield 
stress results with the current data reduction method 
and system, the experimentally measured values of 

=∞∆ th  were compared with those of ∆ + ∆st yh h  de-
termined analytically through the curve-fitting proce-
dure for human blood (see Table 3). The experimental 
values ( =∞∆ th ) should physically be bigger than those 
( ∆ + ∆st yh h ) obtained analytically since we assumed 
that the value of the fluid level difference in the riser 
tubes 1 and 2 at t = 180 s would be slightly bigger 
than but very close to the true value of =∞∆ th . As 
shown in Table 3, the values of ∆ + ∆st yh h  analyti-
cally calculated with the Casson model were consis-
tently smaller than the experimentally measured val-
ues, whereas the values calculated with H-B model 
were larger. Based on this comparison using the cur-
rent data analysis method for the SCTR, one may 
conclude that the Casson model does a better job in 
determining the yield stress of blood than the H-B 
model. However, it is of note that both models pro-
duced almost identical values of ∆ sth ; thus the effect 
of the surface tensions was properly handled in both 
models for the human blood. 

As shown in Fig. 4, ( )yC t  (plug-flow region) for 
human blood at the capillary tube increases with time. 
Due to the discrepancy in the yield stress values  

Table 3. Comparison of =∞∆ th  and ∆ + ∆st yh h . 
 

  H-B Casson 

=∞∆ th  
(experimental) 9.13 mm 9.13 mm 

Human 
Blood 
(37℃) 

∆ + ∆st yh h  

(analytical) 

9.25 mm 
∆ sth = 8.4 mm 

∆ yh = 0.85 mm 

9.07 mm 
∆ sth = 8.4 mm

∆ yh = 0.67 mm

 

  
Fig. 4. Variations of a plug-flow region in a capillary tube as a 
function of time for human blood at 37℃. Dotted and solid lines 
represent 4th-order polynomial regression curves for data ob-
tained with the Casson and Herschel-Bulkley models, respec-
tively. For both regression results, R2 = 0.99. 
 
obtained with the Casson and H-B models, the size 
difference in the plug-flow region estimated from the 
two models became more pronounced as shear rate 
decreased. The yield stress of blood plays a signifi-
cant role in determination of both viscosity and veloc-
ity profile in blood flow, in particular at low flow 
rates. It is of note that the H-B model predicts a larger 
plug-flow region than the Casson model. The size of 
the plug-flow region may significantly influence the 
shape of velocity profile, resulting in alteration of the 
wall shear rate. At a given mean velocity in the capil-
lary tube, a plug-flow region would lead to an eleva-
tion of shear rate at the wall, which lowers apparent 
viscosity. To understand effects of the plug-flow re-
gion at a given flow rate on the wall shear stress, we 
need to consider both shear rate and viscosity since 
the shear stress is calculated from the product of shear 
rate and viscosity. Thus, the plug-flow region effect 
on the wall shear stress is not very clear since its two 
opposing effects on shear rate and viscosity may can-
cel one another out, resulting in a small alteration in 
the wall shear stress. The wall shear stress in small 
arteries and arterioles is an important factor in clinical 
hemorheology as it is one of the principal stimuli for 
release of the vasodilators including nitric oxide and 
prostaglandins by endothelial cells [20, 21]. Therefore, 
model constants and the method of determining blood 
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viscosity and yield stress in this study, combined with 
clinical use of the SCTR, would be useful in the diag-
nosis and treatment of cardiovascular diseases [22]. 

 
4. Conclusions 

The present study investigated the applicability of 
three non-Newtonian constitutive models (power-law, 
Casson, and Herschel-Bulkley (H-B) models) on the 
measurements of fluid viscosity and yield stress using 
a scanning capillary-tube rheometer (SCTR). For a 
Newtonian fluid (distilled water), all three models 
produced excellent viscosity results. For unadulter-
ated human blood, both Casson and H-B models gave 
viscosity results which are in good agreement with 
each other, whereas the power-law model seemed to 
produce inaccurate viscosity measurements at low 
shear rates due to its inability to handle the yield 
stress of blood. The yield stress values obtained from 
the Casson and H-B models for the human blood 
were measured to be 13.8 and 17.5 mPa, respectively. 
The two models showed a small discrepancy in the 
yield-stress values. In the yield stress determination 
using the SCTR with the current data reduction pro-
cedure, the Casson model seemed to be more suitable 
than the H-B model. 
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Appendix 

Quasi-steady flow 
The mathematical description starts with the equa-

tion of the conservation of energy in the form of pres-
sure unit, where the surface-tension effect is consid-
ered between the top two points of the fluid columns 
at the vertical tubes [2]. Assuming that the surface 
tension for the liquid-solid interface at each vertical 
tube remains constant during the test, one may write 
the governing equation as follows: 
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where 1P  and 2P  are static pressures at the top two 
points (see points 1 and 2 in Fig. 1), ρ  is the density 
of fluid, g  is gravitational acceleration, 1( )V t  and 

2 ( )V t  are flow velocities at the two vertical tubes, 
1( )h t  and 2 ( )h t  are fluid levels at the right and left 

vertical tubes, respectively, ( )∆ cP t  is the pressure 
drop across the capillary tube, ∆ sth  is a constant 
representing the additional height difference due to 
the surface tension, t  is time, s  is the distance 
measured along the streamline from some arbitrary 
initial point. 

For the convenience of data-reduction procedure, 
the unsteady term in Eq. (A1),  
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ρ ∂
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s

V ds
t

, may be ignored under the assumption 

of a quasi-steady state. To make the assumption, we 
examined whether the pressure drop due to the un-
steady effect was negligibly small compared with that 
due to the friction estimated from the steady 
Poiseuille flow in the capillary tube.  

The unsteady term can be broken into three integra-
tions that represent the pressure drops due to the un-
steady flow along the streamlines at vertical tube 1, 
capillary tube, and vertical tube 2 as follows:   
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where rV  and cV  are mean flow velocities at verti-
cal and capillary tubes, respectively. Using the con-
servation of mass, 2 2π π⋅ = ⋅c c r rR V R V , the pressure 
drop due to the unsteady effect can be reduced as 
follows:   
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where 1l  and 2l  are lengths of the liquid columns 
in the vertical right and left tubes, respectively, cL  is 
the length of the capillary tube (see Fig. 1A), rR  and 

cR  are the radii of the vertical and capillary tubes, 
respectively. 

In the present experimental set up, 1l , 2l , and cL  
were approximately 12, 4, and 10 cm, respectively. 
Since 1( )h t  and 2 ( )h t  are governed by the conser-
vation of mass for incompressible fluids, rV  should 
be equal to 1( ) /dh t dt  and 2 ( ) /dh t dt . To calculate 
the term /rdV dt  from experimental values, one 
could use the following central differential method: 
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∆ unsteadyP  was estimated through a curve-fitting 

process using a least-square method. To obtain a 
smooth curve from raw data, the following exponen-
tial equation was used. 
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Fig. A1. Pressure drop at a capillary tube during a test with 
human blood. (A) Pressure drop due to an unsteady flow. (B) 
Pressure drop across a capillary tube due to viscous friction. 
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     (A.5) 

 
where the sum of the error was minimized to deter-
mine two constants, a  and b ,for all 11,000 data 
points obtained in each test. 

As shown in Fig. A1, the pressure drop due to the 
unsteady effect was much smaller than that due to the 
viscous friction at the capillary tube. Typically, the 
pressure drop attributable to the unsteady effect (A) 
was less than 1.2 Pa, while the pressure drop due to 
the friction (B) at the capillary tube was greater than 
700 Pa at the beginning of a test. Furthermore, the 
pressure drop caused by the unsteady flow (A) was 
always less than 1% of the pressure drop due to the  

viscous friction (B) over the entire shear-rate range.  
This confirms that the assumption of a quasi-steady 
state can be used for the present data reduction proce-
dure. Assuming a quasi-steady flow behavior, Eq. 
(A1) can be simplified as follows [2-4]: 

 
[ ]1 2( ) ( ) ( )ρ∆ = − − ∆c stP t g h t h t h       (A.6) 
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